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Heat Transfer Through Cryogenic Propellant Tank
Insulation During Ground-Hold Conditions

T. K. Nandi*
Birla Institute of Technology, Ranchi 835 215, India

A theoretical formulationis presented for predicting transient (leading to steady state) heat-transfer characteris-
tics through the thermal insulation of cryogenic rocket propellant tanks. Only the cylindrical sides of the propellant
tanks are studied while the rocket is on the launch pad in a holding condition. Effects of direct solar radiation,
Earth-reflected/emitted radiation, and wind velocity are considered for estimation of heat loads to the propellants.
A finite difference technique using a simple explicit method is adopted to establish time-dependent temperature
distributions across several layers of the integrated insulation package. Stability, accuracy, and computational
requirements of the technique are reviewed with simple implicit and Crank-Nicolson solution schemes. Computed
results are compared with Galerkin finite element solutions using linear and quadratic polynomial interpolants.
Formulationsfor these finite element methods are also derived. The model can be used for characterizing insulation
material, thickness optimization, estimation of boil-off rate, and verification of lower limit temperature at the outer
surface. Some results based on relevant input data are presented.

Nomenclature

A = surface area, m?

Cp = specific heat at constant pressure, J/kg-K

d = number of days from 1 January to the launch date

Fse = radiation shape factor from vertical tank surface
to the Earth horizontal surface

h = convection heat-transfer coefficient, W/m?-K

Ip = intensity of direct solar radiation per unit area on
Earth surface, W/m?

k = thermal conductivity, W/m-K

Nu = Nusselt number

Pr = Prandtl number

Oconp = conductionheat transfer, W

dconv = convection heat transfer from environment
to insulation surface, W/m?

GRADI = incidentradiation on insulation surface, W/m?

grADO = radiation heat transfer from insulation surface
to atmospheric air, W/m?

4sp = direct solar radiation, W/m?

4se = Earth-emitted radiation, W/m?

gsr = Earth-reflected radiation, W/m?

Re = Reynolds number

S = solar constant, W/m?>

T = temperature, K

t = time, s

X = distance, m

y = factor for turbidity of air

z = relative thickness of air mass

o = tiltangle between Earth and the surface, deg

B = thermal diffusivity, m?/s

y = azimuth angle of the surface (due south=0, east+,
west—), deg

AT = temperature difference, K

At = time interval,s

Ax = layer thickness, m

& = emissivity at low temperature

g = emissivity for solar radiation

¢ = angle between the sun’s ray and the equatorial plane
at solar noon (north+, south—), deg

0 = angle between sun rays and normal to the surface,

deg
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= density, kg/m?

Stefan-Boltzmann constant, W/m?-K*

= latitude angle of the launch site (equator=0,
north+, south—), deg

hour angle (solar noon =0, morning+,
afternoon—), deg
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Subscripts

= Earth surface

ith layer

jth node

from jth node to (j = n)th node (n is an integer)
insulation surface

tank wall

= atmospheric

T
~.

H-

N

I

R o=
I

Introduction

RYOGENIC propellants in rocket stage tanks are thermally
protected with an insulation package to minimize boil-off
losses, propellant heating, tank pressure rise, and thermal strat-
ification. With weight being the major design constraint, foam
type materials, which do not require a double-wall housing with
a vacuum layer, are the most commonly used insulation for such
applications. = Other than foam materials, primer, adhesives, heat
shielding coatings, etc. are used as the supportivelayers for the insu-
lation package. An appropriate model for computing heat in-leak is
essential for thermal design of such an integrated insulation system.
In this article theoretical formulations are presented for estimat-
ing transient heat transfer through the thermal insulation of cryo-
genic propellant tanks. Only the cylindrical sides of the propellant
tanks are considered. The proposed model considers the heat fluxes
on the outer surface as a result of direct solar radiation, Earth-
reflected/emitted radiation, and wind velocity. A finite difference
technique using the simple explicit method is adopted to estab-
lish time-dependent temperature profiles in the integrated insula-
tion package. Stability, accuracy, and computational details of the
technique are reviewed with simple implicit and Crank-Nicolson
solution methods. A comparison is also presented with results ob-
tained by Galerkin finite elementmethods. Resultsbased on relevant
input data are presented.

Assumptions
The following assumptions have been made for establishingtran-
sient temperature profiles and predicting heat in-leak to the cryo-
genic propellants: 1) heat transferis only in the radial direction;2) at



t =0 all of the insulating materials are assumed to have the same
temperature as that of the surface, and the tank wall temperature is
equal to the propellant temperature; 3) changes of propellant tem-
perature and the tank wall temperature (as a result of the change of
tank pressure and heat in-leak) are assumed to have little effect on
the rate of heat in-leak and hence are neglected; and 4) effect of ice
formation on insulation surface is neglected.

Surface Temperature ats =0

The surface temperature at t =0, T, is computed from the ther-
mal equilibrium conditions with the surrounding atmosphere. Heat
fluxes that are encountered between the tank’s insulation surface
and the surroundings are 1) incident solar radiation and Earth-
emitted/ reflected radiation grapr, 2) radiation heat exchange with
the surroundingair ggapo, and 3) convectionheat transfercaused by
wind velocity gconv. Under thermal equilibrium condition the heat
balance equation can be expressed as

)]

qRADI + qRADO + qCONV =0

Incident Solar Radiation and Earth-Emitted/Reflected
Radiation ‘qRADI

Total heat flux caused by direct solar radiation, Earth-emitted
radiation, and Earth-reflected radiation that are absorbed by a unit
area of the insulation surface is estimated from

grap1 = E_/g(q.SD + Fsgqsr) + s Fseqdse 2)

Incident Solar Radiation gsp
Direct solar energy per unit area of any surface on Earth can be
computed from the relation*>

(3)

gsp = Ipcos6

Intensity of direct solar radiation I is dependenton the solar con-
stant S, relative thickness of the air mass z, and turbidity of air factor
y. A simple formula for estimating I, is given by*

ID = Sexp(_yamsz) (4)

where z = sec 6,, ay,; =0.128 — 0.054 log z, and 6, is the angle of
incidenceon Earth’s horizontal surface. The turbidity factor y varies
from two for very clear sky to four or five for a smoggy, industrial
environment.

The angle of incidence 6 for any surface on Earth is conveniently
defined by’

cos =asin¢ + b cos cosw + ¢ cos ¢ sinw 3)
where

a = sing cosa — cos¢ sina cosy (6)
b = cos¢ cosa + sin¢ sina cos y (7
¢ =sinasiny ®)

284 +d
= 23.45 sin| 360—— ) d 9
e sm( 265 ) eg )

To considerthe angularvariationof solar radiation, the cylindrical
surfaces of the vertical tanks are divided into 12 equal sections
in which section-I, section-IV, section-VII and section-X face due
south, due east, due north, and due west, respectively, as shown in
Fig. 1. Only the value of orientation angle y, in Eqs. (6-8), will
change while computing incidence (cos 6) for different sections. A
negative value of cos 6 would indicate no direct solar energy on the
surface.
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Insulation

Fig. 1 Division of tank insulation.

Earth-Reflected Radiation gsg
Earth-reflected solar radiation is estimated from

(10)
(1

gsg = albedo x I X cosé6,
cos6, = sin¢ sin¢ + cos ¢ cos ¢ cos

The term albedo is the fraction of incident energy that is reflected.
The equation for cos 6, is obtained by setting « = 0 (for horizontal
surface) in Egs. (6-8) to obtain a = sin¢, b = cos¢, and ¢ =0,
which in turn are used in Eq. (5) to obtain Eq. (11). The value for
I, is obtained from Eq. (4).

Earth-Emitted Radiation gsg
Energy that radiates from the Earth surface as a result of its own
temperature can be computed from the relation
gse = EeUTf (12)
Earth temperature 7, can be obtained from the equilibrium tem-
perature of the Earth considering incident solar radiation, energy
radiation caused by Earth’s own temperature, and convective heat
transfer from the Earth’s surface to the surroundingair. The equation
is expressed as
eIy cos, = e,0 (T} — TL) + h(T, — T) (13)
The convectiveheat-transfercoefficient / is dependenton the air ve-
locity. The correlation* &= 1.52(AT)'” for turbulent natural con-

vection from hot plate facing upward could be used for a simple
estimation. Equation (13) is solved for 7, iteratively.

Radiation Shape Factor Fsg
The geometry for computing the shape factor between vertical
tank surface and the horizontal Earth surface is shown in Fig. 2. The
shape factor between any differential element on vertical surface
(dA)) and a strip element on the infinite horizontal surface is®
— L
dFdl—Z = zd(Sln 'gh) (14)
Integrating over the part of the infinite surface visible to the ele-
mentdA,;,

F, /ﬂ/z 101( iny) 1 (15)
d1-2 = —a(sm ==
0 2 2

Because this applies to every element on the cylindrical surface,
it follows that the fraction from the entire cylinder to the infinite
horizontal plane is the same, and so Fsg = F; _, =0.5.
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Table 1 Constant and power indices for average heat
transfer to a cylinder in crossflow’

Region (deg from

stagnation point) u v w
0-90/105 0.32 0.6 0.33
90/105-120/135 0.03 0.9 0.45
120/135-180 0.02 0.85 0.45

dA]—-

A

SR

>

Fig. 2 Geometry for vertical cylindrical surface placed over an infinite
horizontal surface for computing radiation shape factor.

Radiation Heat Exchange with the Surrounding Air grapo
Radiation heat exchange between the tank surface and the sur-
rounding atmospheric air can be estimated from (shape factor = 1)

drapo = EXG-(T; - T;) (16)

Convection Heat Transfer Caused by Wind Velocity gconv

For zero wind velocity a standard free-convection correlation®
for a vertical surface is used. In the presence of wind, a forced-
convection correlation’ for crossflow over a cylinder is used for
computing the Nusselt number. Convection heat transfer per unit
area is estimated from

deonv = (T — Ts) )

A general equation for Nusselt number is used: Nu=uRe"Pr",
with specific values of u, v, and w defined in Table 1. The angular
position 0O in Table 1 indicates the forward stagnation point. The
other two positions 90 to 105 and 120 to 135 correspondto laminar-
to-turbulenttransition and separation points, respectively.

To solve Eq. (1) and to obtain surface temperature at =0, we
need the value of T in Egs. (16) and (17). Therefore the solution
is obtained in an iterative manner starting with an assumption of
surface temperature 7.

Transient Temperature Profile

A design of an integrated insulation package comprising foam as
the main insulating material and other supportive layers is shown in
Fig. 3. The total number of layers n are identified in the following
manner: layer 1 = primer coating, layer 2 = adhesive coating, layer
3 to layer n — 3 = foam insulation, layer n — 2 = second adhesive
coating,layern — 1 =ablativelayer,andlayern = antistaticcoating.
This layering is illustrated in Fig. 4.

From the heat balance relationship, the heat equivalentto the rate
of temperature change of the first layer is equal to the rate of heat
transfer from the second layer to the first layer minus the rate of
heat transfer from the first layer to the tank wall. The equation is
written as

C A A
P1C Py 0o+ A Axl(Tl’ —-T)
At 2

_ Tz— Tl
COAX kA 4 (Ag+ AD /214 Axy [ka[A 4 (A + Ay) /2]

T, — Ty
Ax,[ki[Ag + (Ao + A))/2]

(18)
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Fig. 3 Possible configuration of an integrated insulation package.
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Fig. 4 Nomenclature of insulation layers for heat-transfer computa-
tions.

where subscripts 0 and 1 refer to the tank wall and layer number 1,
respectively. The left-hand side of Eq. (18) representsthe change of
temperature (7, the new temperature) of the first layer after time
interval Az. The first term and the second term of the right-handside
compute the heat transfer from the second layer to the first layer and
that from the first layer to the tank wall, respectively. Introducing
for any ith layer,

Cpi [ A1+ A
Bl‘ — pPiLDi i—1 + i A)Cl'
At 2

Ci:{ Ax; n AX; 4 }_1
kilAi + (A1 +A) /21 ki p1[Ai + (A + A1) /2]
Equation(18) can be rearranged to obtain
T, = (1/B)ICiT, + CyTy — (Co — By + C)T'] (19)
where
Co = {Axi/ki[Ag + (Ao + Ay)/21} !

Similarly for the second layer, heatequivalentto therate of change
of temperatureis equal to the rate of heat transfer from the third layer
to the second layer minus the rate of heat transfer from the second
layer to the first layer. The equation is written as

02Cpa (Al + A

Ax, (T — T
At 5 ) xz(z 2)

_ LT,
B Axy[ky[Ay + (A + Ay) /2] + Axs [k3[ Ay 4+ (Ay + Az) /2]

T,—T,
Axi [k [Ar + (Ao + A1) /2] + Axy [ ko[AL + (AL + A) /2]
(20)

or
T, = (1/B)IC T3+ CiTy — (Cr = B, + C)T,] - (21)

A similar set of equations can be written up to the (n — 1)th layer.
Thus the general equation form for any ith layer (for 1 <i <n —1)
is expressed as

T, =(1/B)ICiTi 1 +Ci o1 Tioy — (Cioy — B + CHT;] (22)

The outermost nth layer should take into account the conduction
heat transfer Qconp from the nth layer to the (n — 1)th layer in
addition to the heat fluxes caused by grap1> grapo, and Geonv as
defined in Egs. (2), (16), and (17), respectively. The heat balance
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after considering the heat fluxes just mentioned would enable the It is possible to make the algorithm unconditionally stable if
determination of the outer-layer temperature: an implicit method is chosen instead of the explicit method as de-
scribed earlier. In this method, Egs. (18), (20), and (25) are modified
(0nCpn/AD(A, + A1) /21AX, (T, — T,) to Egs. (27-29), respectively:
. . . . B(T{ —T\) = C\(T, = T)) = C(T| = Ty) (27
= A,(grap1 + grapo + gconv) — Qconp (23)

_ B(T/ = T)) = Cu(T;,, = T)) = C; .o(T/ = T/_))
Conduction heat transfer from the nth layer to the (n — 1)th layer is
estimated from (for2<i<n-—1) (28)

(Tn_Tn—l) _
Axn—l/kn—l[An—l +(An—2+An—l)/2]+Axn/kn[An—l +(An—l +An)/2] B

Cn—l(Tn_Tn—l) (24)

QCOND =

Using Eq. (24), Eq. (23) can be rearranged in the form of BT, —T, = Ome — Cy_y T -7 _) 29)

where QINC = A, (¢rap1 + grapo + qcony). Thus n numbers of
equations can be generated from Eqs. (27-29) for simultaneous so-
lution of n numbers of unknown temperatures after a time interval

Tn/ = (I/Bn)[BnTn - Cn—l(Tn - Tn—l)

+ A, (grap1 + grapo + dcony)] (25) At. These equations can be arranged in matrix form as shown next:
(B, +C,+Cy —C 11 1 [Bn+cn]
—-C, B, +C,+C, -G, 0 T; B,T,
-G, By +Cy+C, -Gy T _ B;T;
0 _Cn—2 Bn—1+Cn—l+Cn—2 “bn-1 Tn/—l Bn—lTn—l
i —-C,_4 B,+C,_| L T, | | B, T, + Onc |
Thus at any instant when the temperatures of all of the layers are Standard procedures are available®'° for solving the preceding ma-
known, Egs. (22) and (25) can be solved to generate a new set of trix form. The Gaussian elimination method was used by the author.
temperatures for a given small time interval A¢. Temperatures of all This scheme also has the order of accuracy O (Af, Ax?). The ad-
of the layers at # =0 are obtained from Eq. (1). vantage of this scheme over the explicitscheme is that considerably
. higher values of At (being unconditionallystable) can be used to re-
Stability, Accuracy, and Other Schemes duce the number of iterations. To compare the results obtained from
From the inherent characteristics of the finite difference simple various solution methods, transient temperatures (at t = 1000 s) for
explicit method, it can be shown®~!! that the numerical solution of selected locationsin an insulation package are presentedin Table 2.
Eq. (22) is stable if and only if Insulation layer thickness for primer coating to antistatic coating
. (see Fig. 3) are 0.1, 0.4, 24.5, 0.4, 4.5, and 0.1 mm, respectively.
BizCii+Gi (forl<i=n—1 (26) Table 2 shows that compared to 0.006 s in the explicit method At in
A similar limitation in different form is also applicable to the outer- the implicit method can be taken as large as 5 s without any signifi-
mostnth layer. If all of the layers are consideredto be equal in width, cantdifferencein temperatureprofile. However, the implicit scheme
area, and a single material with constant properties, then Eq. (26) requires more computational effort. S
reducesto Ax*/BAr > 2, whichis the same as the stability limit for The orderof accuracy can be improvedto O (A%, Ax )lflf{Oth ex-
the one-dimensional unsteady conduction problem of a solid body plicitand implicit methods are combined using the Crank-Nicolson
with constant properties.* method.%!%!! The equivalentequations, for Eqs. (27-29), using this
Equation (22) has accuracy of the order O (Af, Ax?) indicating method, are expressed in Eqs. (30-32), respectively:
the significance of step sizes in time and space on the accuracy of
the results. Thickness of some of the layers (adhesive, primer, etc.) 2B(T] = T)) = C\(T, — T)) — Co(T| — T)
in Fig. 3 are normally in the range of 100-150 um, which are es-
sentially the step sizes (Ax) indicated in Fig. 4. Using the lowest +Ci(-T)) — Co(Ty — To) (30)
value of Ax, a limiting value of At can be obtained from Eq. (26). , , , , ,
For example, in case of a liquid hydrogen tank insulated with foam, 2B(T -T)=C(T/, - T)—Ci_(T/ -T/_ D)+ C;(Tiy, — T)
using a 100-um step size, At is computed to be 0.006 s or lower. )
This involves a large number of iterations. However, with the avail- -G (T =T (for2<i=<n-1 €19}
ability of high-speed computers with high-precision data handling , . , ,
capability, computational time requirements can be insignificant, 2B,(T, = T,) =20wc — C, (T, =T, _ ) = C, (T, = T, 1)
and sufficient accuracy can be achieved using this method. (32)

Table 2 Insulation temperatures (at ¢ = 1000 s) at selected positions for various numerical schemes

Temperature (K) at position from tank wall (mm):

Scheme 0.05 5.09 11.22 17.34 23.47 29.34

Finite difference (explicit method) Az = 0.006 s 21.74 119.68 183.87 231.56 271.54 305.67
Finite difference (implicit method) At=5.0's 21.74 119.68 183.87 231.56 271.53 305.66
Finite difference (Crank-Nicolson method)At =0.1's 21.74 119.68 183.87 231.56 271.54 305.67
Finite element (linear polynomial) At =0.006 s 21.99 120.33 184.21 231.69 271.51 305.51

Finite element (quadratic polynomial) At =0.0007 s 21.75 120.06 184.05 231.62 271.48 305.51
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Similar to the implicit method, » numbers of equations can be gen-
erated from Eqgs. (30-32) and organized in matrix form for solving
simultaneously. This scheme, though unconditionally stable and of
higher order accuracy, is known to produce considerable errors!!
for smaller values of Ax?/BAt. Hence, compared to the implicit
method, At should be restricted to a lower value as indicated in
Table 2. In spite of higher order of accuracy, there is no significant
difference between the results of this method and that of the explicit
or implicit method.

Comparison with Finite Element Solutions

Because an exact solution is not available, it is essential to verify
the computed results with the solutions of other numerical meth-
ods. Galerkin finite element methods using linear and quadratic
polynomial interpolants were considered, for which detailed for-
mulations are derived in the Appendix. Results obtained from the
finite element solutions are also presented in Table 2. As shown,
there are minor differences between the finite difference and finite
element solutions. Accuracy of the finite element analysis increases
with higher-order polynomial interpolants.!? This fact is reflected
in Table 2, where the results of quadratic polynomial method are
closer, compared to the results of linear method, to the finite differ-
ence solutions. However, the major disadvantages of using higher-
order polynomial interpolants are lengthy derivations, large com-
puter memory requirements,and very small Az (0.0007 s, per Table
2) requirements for stability.

Sample Results and Discussions

To apply the numerical methods discussed, a computer program
using C++ has been developed with options for various finite dif-
ferenceand finite element schemes. Sample results presentedin this
paper were obtained by the finite difference explicit method of so-
lution. Computations were made based on the relevant information
availablefor cryogenicrocketsystems.2* Results presentedhere are
for a2.8-m outer diameter (excluding insulationpackage) liquid hy-
drogen tank. All layersin the insulation package in Fig. 3 have been
considered as rigid polyurethanefoam. The thermal conductivity of
foam is provided in the form of a third-order polynomial fit over
the data availablein literature.”® The Srihorikota Range (SHAR) of
India is considered as the launch site and is situated at about 13-deg
north latitude. The date and local time of launch are taken as 20
January 2000 and 09:20 hrs, respectively. Ambient air temperature
is taken as 300 K.

Transient temperature profiles across the insulation in section-I
(seeFig. 1)arepresentedin Fig. 5. Att = O all of the insulationlayers
are seen to be at surface temperature computed from Eq. (1). Tem-
perature profiles are shown in 30-s time intervals. Closely spaced
temperature profiles indicate near steady-state heat transfer. Chill-
down and filling of cryogenic rocket tanks normally require more
than half an hour, indicating steady-state conditions after filling.

The outer surface temperature of insulation, under steady-state
conditions, vs angular position (due south = 0, East +) is shown in

'

200 4

Insulation temperature (K)

0 +——rr T

0 5 10 15 20 25 30
Distance from tank wall (mm)

Fig. 5 Transient temperature profiles, with 30-s time interval, for
section-I of LH, tank insulation (wind velocity = 0).
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Fig. 6. Constanttemperaturezonesin the plot are the indicationof no
direct solar energy on the surface of that particular angular region.
Similar characteristics are also observed in the heat flux variation
shown in Fig. 7. Noticeable changes of heat flux in the presence of
wind are indicated in Fig. 8. Significant reduction of heat fluxes,
compared to still air, is expected if the surface temperature does not
fall below the ambient air temperature. This trend may be reversed
for small insulation thickness where the surface temperature may
fall below ambient temperature and the wind velocity could cause
an increase in heat in-leak. For example, in Fig. 6 (for 30-mm foam
thickness) steady-state surface temperatures drop below room tem-
perature in the angular region of 138 to 318 deg. In this angular
region, heat fluxes increase as shown in Fig. 8.
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Fig. 6 Insulation surface temperature in angular direction under
steady-state condition (wind velocity = 0).
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Fig. 7 Heat in-leak in angular direction under steady-state condition
(wind velocity = 0).
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Fig. 8 Heat in-leak (steady state) in angular direction as function of
wind velocity (foam thickness = 30 mm, wind flow from southeast).
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Conclusions

This paper presents a theoretical model for predicting the thermal
performance of insulating materials for cryogenic rocket propellant
tanks. The model considers only the cylindrical sides of the pro-
pellant tanks during ground-hold conditions. Estimation of solar
radiation, Earth-reflected/emitted radiation, and heat exchange with
the surrounding air are included.

A finite difference technique using the simple explicit scheme
is adopted for computing temperature distributions under transient
conditions. A stability analysis of the scheme indicates the require-
ment for a large number of iterations. A simple implicit scheme
could reduce the number of iterations significantly with increased
computer programing effort. The Crank-Nicolson scheme is found
to be slightly advantageous over the simple implicit scheme. The
results of the finite difference schemes were verified with Galerkin
finite element solutions using linear and quadratic polynomial inter-
polants. Good matching was observed with the quadraticpolynomial
results. Sample results have been presented based on relevant input
data. The model should be useful to space engineersin designselec-
tionand performancepredictionof cryogenicrocketstageinsulation
systems.

Appendix: Galerkin Finite Element Methods
Linear Polynomial Interpolants
Shih!? describes the detailed developmental procedure in
Galerkin finite element methods. Using the one-dimensional tran-
sient heat-transfer equation® in the cylindrical coordinate system,
one has

19 8T aT
——\|kx— ) = pCp— Al
xE)x(xE)x) PP A
or
82T+ 1+18k oT 10T A2)
dx2 x  kdx)ox B ot

Considering each layer to be a finite element as shown in Fig. A1,
the general form of temperature approximationused in this method
is given by

Ta)y= Y T;N;(x)
j=0
Construction of piecewise linear basis functions N, (x), their local

support and corresponding temperature functions are described in
Fig. A2. The valuesof N; anywhere outsidethe domain [x; _,x; 1 {]

Xo X1 X2 Kot Xq
LH./ LT, T T, ° LTM Ta
LOX
L
Layer 1 Layer2 Layer3ton-1  Layern

g =

Fig. A1 Node distribution for finite element method using linear
interpolants.

Nj_l Nj ‘Nﬂ
xefxp. xjl 1 [ 1 l xelx; xp)

Nj.F(Xj-X)/AXH, i NJ:(XﬁerAXj,jq

NeX; VA%, N =0eX VA, 1

To9=N,T,+NT To)=NT+N, T,
X1 X; X4

Fig. A2 Construction of piecewise linear basis functions and temper-
ature approximations.
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are zero. Using the Galerkin approach, Eq. (A2) is multiplied by the
weighting functions N (same as the basis functions) and then inte-
grated over the total width of insulation package. Mathematically it
is expressed as

o dT ™ N; dT ™ N; dk dT
| N—dr— | ZL—dx— | HL——dx
o dx? x dx . Kk dxdx

X0

[ Sac= (A3)

X0

Using j =1 to n in Eq. (A3), it is possible to generate n numbers

of equations that need to be solved simultaneously. Applying inte-
gration by parts to the first integral of Eq. (A3), one gets

*dT dN; ar ™ N dT
——L & -N—| - | —L—adx
dx dx dx x dx

X0 X0 X0

N, dk dT N, dT
- L — —dx —L—dx=0 (A4)
k dx dx B dt

X0 X0

Fromthedefinitionof N; for1 < j <n —1, N; iszerobothatx = x,
and x = x,,. Thus Eq. (A4) is expressed in the form

Y+ AT dN; YUHUN; dT Y+UN; dk dT
——Ldx - —L—dx - —— —dx
. dx dx x dx .k dxdx

xj—1 xj—1

YN, dT
+ / L —dx=0 (A5)
5 B dt

An average value of thermal conductivity, for the elements
[x;_1,x;], is adopted as k; _, ; =0.5(k;_, +k;). A similar ap-
proach is also used to estimate average Cp values. The slope of
thermal conductivity is computed from

dk k; —k;_, .
— = —_— (for j = landn)
dx Axj_y;

J-1.
and!'?
(d_k) ket k=D~ Rk
dx [y 0.5(Ax;_1; +Ax; ;)1 +A)
(for2<j<n-1 (A6)
where

Axj_y;+Ax; 44
Axj o1+ Ax; 4

A=

With these data and the information given in Fig. A2, Eq. (A5) is
integrated to obtain

de_1<Ax> +de|:<Ax> +<Ax> }
dr 6f -1 dr 38 j-1j 3p jo+1
dT. A —x._ .
+ ’+1<—x> +T;_, —X;I - En( al )
dr 68 i +1 Axj_y Xj-1
1<1dk> X; ( X; )
+=-— + T | [ =
2\ k dx j—l.j:| I[Ax?—l.j Xj_1
IR &(xf+‘> 1<1dk> +1<1dk> }
2 4 U "S5\ 7 a9, S\% ax
Ax? X; 2\kax ) 2\kax)

—Xi4 Xj41 1(1dk
”fﬂ[ﬁ"ﬂ( - )‘z(zd—x =
Jij+1 J INER

(forl<j<n—1) (A7)
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From the boundary condition at x = x,, we have, for j =1 and
t>0,T;_, =propellanttemperatureandd7; _ /df = 0. The bound-
ary condition for j =n can be expressed as

dT

kn— Ln (d_x> = qRADI + qRADO + qCONV = qINC (Ag)

The boundary condition term in Eq. (A4) does not vanish for j = n,
and it is evaluated as'?

d
N,—

" N()dT N()dT
= X — — X —_—
X0 o d)C X =X, ! ’ d)C X=Xx0

dx
dar qINC
= (= "L\ U A9
(d-x>\,_\, kn—l.n ( )

X =Xn

Using Eq. (A9) in Eq. (A4) and carrying out the necessary integra-
tion (for j =n), one gets

d7T,_ [ Ax +dT,, Ax i T —Xp—1
dr 6ﬂ n—1,n dr 3ﬂ n—1l,n o Axﬁ—l-n
X, 1(1dk Xn—1
X b + = - +7T,| —
(x"—1> 2<kdx>n_1_n:| [Axrf—l.n
X, 1/1dk 4ine
b S - dme A10
* (x,,_1> 2<kdx>n_l_n:| ky—1n (A1)

Equations (A7) and (A10) constitute a set of linear first-order or-
dinary differential equations. Starting from all known temperatures
att =0, we solvedT;/dt, for j=1,2, ..., n, and then considering
a small time interval, the new temperatures are obtained. Similarly,
computations for any time step are performed based on the temper-
atures obtained in the preceding time step. The intermediate tem-
peratures, at any location, can be obtained from the relations given
in Fig. A2. Thus solutions are obtained continuously in space and
discretely with time.

Quadratic Polynomial Interpolants

In a quadratic system an additional node point at the middle of
the two endpoints of the elements is used.!? Thus for n number of
elements, one has a total 2n + 1 number nodes in which the temper-
ature of the starting node (j =0) is always known 7, indicating 2n
numbers of unknown temperatures to be determined. In this method
the weighting functions for j =1, 3,5, ..., 2(n — 1), have support
on the element [x; _1, x; ], whereas for j =2,4,6,...,2(n —1)
these have supporton twoelements [x; _,,x;Jand [x;, x; 4 ] with x;
being the position of elemental interface. Therefore the formulation
will be presented for odd and even j separately.

For j=1,3,5,...,2(n—1) the temperatures at the positions
Xj_1, Xj, and x; . are identified as T;_,, T}, and T, , respec-
tively. Applying these spatial temperature conditionsin a quadratic
polynomial interpolation function, the temperature approximation
can be expressed in the form

Tx)=W, ()T, +W;)T; +W; ()T, (A1)

where the basis functions are defined as [using X = (x — x;_;)/
Xjp1—x; )= —x;_1)/Ax;_1j41]

W, 1(x) =1-3X +2X? (A12)

W;(x) = 4X — X?) (A13)

W(x)=2X*-X (Al14)

In Eq. (A3) replacing N; with W; and applying integration parts
to the first integral, we obtain the equation similar to Eq. (A5) as

LW, dT LW, dT LW, dk dT
—dx — —L—dx — —L— —dx
. dx dx ¥ x dx . k dx dx

-1

+/ W dfdx—O (A15)
. g odr

Jj—1

Using the relations given in Eq. (A11-A14), Eq. (A15) is integrated
to obtain

RV (Ax) L 9% <8Ax> L 9T (Ax)
dr 158 j-lj+1 dr \158 j-lj+1 dt 158 j-lj+1

2 20x: 16x2_ )
T | e g (2
3Ax Ax2 Ax3 Xj_|

16x) 286, 12x ), 2 dk
y ==
Ax* Ax3 Ax? Skdx ], 4,

8 32x; 32x2_ )
+T,[ Rl S E N AL

3Ax Ax? AXx Xj_4

N 32xl3._1 N 48x12._1 N 16x;
Ax? Ax3 Ax2 o
j—1Lj+1

—10  12x;,_,  l6x7_, X4
+T,~+1|:—+ — 4 A)Ia — | =

3Ax Ax? Xj_4

16x7_,  20x7_,  4x;_, 2 dk
X + + - —_—— =0
Ax* Ax3 Ax? Bkdx |, .,

(forj=1,3,5,....2n— 1)  (Al16)

For j=2,4,6,...,2(n — 1) we change the integration limit in
Eq. (A15) and rewrite

/"/“ dw; dT /"/“ W, dT
—dx— —
¥ dx dx ¥ x dx

-2 -2

+ / W, a7 dx=0 (A17)
. g odr

Y2 W, dk dT
- —L— — dx
. k dx dx

Xj-2

The basis functionsand temperatureapproximationsare reframedas

Wi ax) =W/ (x)=1-3X+2X> (A18)
W 1(x) = W 1(x) = 4X — X?) (A19)
Wo(x) =W, o(x) =2X> - X (A20)

where, for x € [x; _,, x;],

X = S b (A21)

Xj=Xj—2 AXja

T) =W, )T 2+ W, )T+ W ()T, (A22)
and, for x € [x;, x;,,]1,

X —x; X —X;
X = = (A23)

Xjpo = X;  Axjiao

Tx) =W T+ W (T + W 00)T o (A24)
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Using Egs. (A18-A24), Eq. (A17) can be integrated to obtain

dT,_2<—Ax> +dT,~_1<Ax> +dT,~< 2Ax
dr 308 -2 dr 158 o2 dr 15}3,'_2_]
+ 24x ) + 7+ (ﬂ) + %(ﬁ)
15ﬂj_j+2 dr 158 iit2 dr 308 iit2

-1 6x;_, 8x7_, X 8x3_,
PO [Py S e SN (RS N d
1 2|:3Ax Ax? Ax3 + Xj_ Ax*

2 3 2
_ 13 n 14x; N 8xj s Xjyo 8xj N 18xj
3Ax Ax2 Ax3 X; Ax? Ax3
+13x,~ n 3 1 dk 4T 20 +24x,~
Ax? Ax 2k dx | . . It 3Ax T OAX2
JoJj+2
n 16)6/2 s Xit2 16XI3 n 32)6]2 n 20)(]. n i
Ax3 X Ax? Ax3 Ax2 Ax

2 dk -7 10x; 8x? Xiio
3k dxi|,~_,~+2 H'2|:3A)c Ax2 Ax3 ( X;

(8)6/3. 14x2 Tx:

; T 1 dk

— )+ == =0 (A2
Ax? + Ax3 +Ax2 +Ax>+6kdxi|jj+2 0 (A25)

At the outermost surface the boundary condition term should be
included in Eq. (A17), and following the similar procedure used to
develop Egs. (A8-A10), the equation for the last node is obtained
as (for j =2n)

dTZn—Z —AXx + dTZn—l Ax + dTZn 2Ax
dr \ 308 ar \158 ar \156 )], ..

-1 6x2,_2 8)622 —2 X2n
+ Ty | — — ———= 4"l
: 2|:3Ax Ax? Ax3 Xon—2

8x3 10x2 3%, _ 1 dk
« w2 4 w-2 4 Xon—2 ) _ 1 Ok
Ax* Ax3 Ax? 6k dx o 29m
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16x3 16x2 4x,, _ 2 dk
« w2 w2 Xon -2 L2
Ax* Ax3 Ax? 3k dx .

5 2X54 2 8x§ —2 X2n
Ty | — — - —= b
M |:3Ax Ax2 Ax3 +

Xon -2
8x3 6x2 . 1 dk
« w2 | 22 +x2 2 L dk
Ax* Ax3 Ax? 2k dx
2n—2.2n
__dwc  _ 0 (A26)
k2n—2.2n

Thus Egs. (A16), (A18), and (A19) generaten, n — 1, and 1 num-
bers of equations, respectively, which in aggregate make 2n num-
bers of equations for 2n numbers of unknown temperatures. The
procedure for simultaneous solution of these equations is the same
as that used for linear polynomial case. The thermal conductivity
and Cp values are computed with respect to the temperature at the
middle node of the elements, and the change of thermal conductiv-
ity with respect to x are determined using the equivalent form of
Eq. (A6).
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